Abstract. For an endomorphism it is known that if all the points in the manifold have dense sets of pre-images then the dynamical system is transitive. The inverse has been shown for a residual set of points but the the exact inverse has not yet been investigated before. Here we are going to show that under some conditions it is true for Anosov endomorphisms on closed manifolds, by using the fact that Anosov endomorphisms are covering maps.
Introduction
It is well known for non-injective endomorphisms that if for every point the set of pre-images of that point is dense in the manifold then the endomorphism is transitive (i.e. there exists a point that its orbit is dense in the manifold) and in [4] Lizana and Pujalz have used this to prove rigidity of transitivity for a special class of endomorphisms on T n . A very important class of endomorphisms is the class of Anosov endomorphisms. In [3] , Lizana, Pinheiro and Varandas have shown that for robustly transitive local diffeomorphisms there is a residual set of point in the manifold such that the points in this set, each one has dense set of pre-images. Here, we use a topological approach, specially the fact that Anosov endomorphisms on a closed manifold are covering maps. We are going to investigate specially about the pre-images of periodic points and show the reciprocative of the well known result above is true for transitive Anosov endomorphisms under some conditions over the geodesics defined by eigenvectors of Df x for every point. So the set of pre-images of every point is dense in the manifold. Also we will introduce a counterexample for the situation without those conditions.
In this paper, we take all the manifolds to be a closed Riemannian manifold. Starting from [7] and [5] , the definition of Anosov endomorphism has been an important generalization method of the well known definition of Anosov diffeomorphisms; Definition 1. Let f ∈ diff r (M ), a compact subset Λ ∈ M is called hyperbolic with respect to f , if for every point p ∈ Λ there is a splitting; T p Λ = E 
This is a linear map on R 2 and its eigenvalues are
which are greater and lesser than one and the eigenspace is the whole T 2 so it is an Anosov diffeomorphism. Also note that det A = 1. Remark 1. Considering the map f : M → M , for every point x ∈ M , the orbit of x, O x is {f n (x)|n ∈ N}. The trajectory of x, (x j ) j∈Z such that x 0 = x, x j ∈ {f j (x)} and f (x j ) = x j+1 . Notice that if f is not injective then card({(x j ) j∈Z }) > 1, but if it is an injective map then the trajectory of each point is unique.
In the case where the map is not injective hyperbolicity is defined considering not just the points but their trajectories under the map.
Definition 2. Let f : M → M be a local diffeomorphism, f is called Anosov endomorphism if for every trajectory (x n ) n∈Z with respect to f , for all i ∈ Z,
and there exist C > 0 and 0 < λ < 1 such that;
There is also another way to define Anosov endomorphism; An important result about the definitions above is the continuity of the splitting defined in them ( see [7] , [9] ). Example 2. [7] Define B : T 2 → T 2 to be;
The eigenvalues are
and for n > 2, like the previous example, both of them are greater than zero, one of them is lesser than and the other is greater than one and the eigenspace is the whole manifold so according to definition 2, this is an Anosov endomorphism.
The main difference between Anosov diffeomorphisms and Anosov endomorphisms comes in to notice in the matter of structural stability. In his thesis Shub claimed that by a procedure similar to the expanding maps, non-injective Anosov endomorphisms are structurally stable. But in [7] , Przytycki proved him wrong, although in the same paper he showed the inverse limit stability of Anosov endomorphisms. Another main difference as it is mentioned above, is the definition of unstable manifolds based on the trajectories so that they can be non-unique [6] .
An important characteristic of non-injective Anosov endomorphisms is that they are non-trivial covering maps of the manifolds they are defined on [2] . In this paper we are going to use this property among other things to show that under a certain condition an Anosov endomorphism is transitive if and only if the set of pre-images of any point is dense in the manifold; Theorem 1 (Main theorem). Let f : M → M be an Anosov endomorphism and for every point x ∈ M , geodesics defined by eigenvectors of Df x be dense in M or f is a product of maps with this condition then the set of pre-images of each point, is dense in M if and only if f is transitive. 
Proof of the main theorem
There is this well known proposition about transitivity; 
In the context of dynamical systems, because of the manifolds they take in to account, the proposition above is often considered as the definition of transitivity.
Another well known result in the matter of transitivity is about hyperbolic linear automorphisms;
If f is a diffeomorphism then definition 4 is also true for f −1 , so in that, the set N can be changed to {−1, −2, −3, ...} and the definition remains intact. But in the case of Anosov endomorphisms, f −1 is meaningless but we can still investigate the set of pre-images of the points in M under Anosov endomorphisms.
In the following, we also need these two definitions;
Definition 5. Let f : M → M be a transitive Anosov endomorphism, for each point x ∈ M we call the dim(E s x ), index of f . Note that because of the continuity of the splitting in the definition of Anosov endomorphisms and because the map is transitive, index of f does not change by points.
Definition 6. Let f : M → M be an Anosov endomorphism with n number of pre-images for each point in M (n number of sheets for the covering it makes), we call n, the degree of an Anosov endomorphism f . Remark 2. For Anosov maps the degree is the same for every point because if there are points with different degree then the map has singularities in some points which is not possible for Anosov maps. Although by simple modifications, we can also deduce the result of this paper to the maps that have finitely many degrees over the manifold.
Remark 3. Anosov endomorphisms are covering maps and except for Anosov diffeomorphisms, they are not trivial and the manifolds on which they are defined, are evenly covered [2] . Since in this paper we take the manifold M to be a closed, there are a finite number of sheets for these covering maps and the number equals the degree of the Anosov endomorphism.
Also the determinant of Jacobian of the Anosov endomorphism equals the degree of the map [7] .
Let f : M → M be a transitive Anosov endomorphism, (f, M ) is a cover for M . Considering the endomorphism f , because M is compact there is a finite number of sheets (equal to the degree of f ), S(1), S(2), S(3), ..., S(k) ⊂ M , each of them homeomorphic to M under f | S(i) : S(i) → M and for every point x ∈ M there is a d 1 > 0 such that if i = j, d(x(i), x(j)) > d 1 for all x(i) and x(j) in f −1 (x) and uniquely in S(i) and S(j). Also for every 1
This also means that the interior of S(i, j) is not empty and diam(S(i, j)) > 0 for all i and j. So (f 2 , M ) is a cover for the manifold with exactly, k 2 sheets such that there are k sheets as subsets of each S(i), we denote them by
. . , i n ) → M is a homeomorphism and there is d n > 0 such that for every pair of the nth preimages of x, x(i 1 , . . . , i n ) and x(j 1 , . . . , j n ) respectively in sheets S(i 1 , . . . , i n ) and
We saw that S(i 1 , . . . , i n−1 , i n )s are subsets of S(i 1 , . . . , i n−1 ) and following this, step by step, finally they are subsets of S(i 1 ). In every sheet of (f r , M ) there are k sheets of (f r+1 , M ) and
k r+1 and so on. About the distribution of the sheets of the covers (f n , M )s, by the context above we have: For all open sets U ⊂ M and for all n ∈ N, there is a sheet S(i 1 , . . . , i n ) of the cover (f n , M ) such that S(i 1 , . . . , i n ) ∩ U = ∅. As l ∈ N gets greater, if we consider the sheets S(i 1 , . . . , i n , . . . , i n+l ) ⊂ S(i 1 , . . . , i n ) of (f n+l , M ) then there exists N ∈ N such that for all m > N there is S(i 1 , . . . , i m )∩U = ∅ and for all l ∈ N, S(i 1 , . . . , i m , . . . , i m+l ) ∩ U = ∅. If f was an expanding map then the intersection of the sheets with U would be inclusion which would give the density of pre-images of every point (See proposition 13).
Similar to the diffeomorphism case we have the two following propositions; Proposition 4. Let M be a compact metric space and f : M → M be an endomorphism. If f is transitive then for every pair of non-empty open sets U and
Proof. Suppose U and V to be open sets in M and k be the degree of f . There is n ∈ N such that we have
The following proposition is a crucial fact about Anosov endomorphisms;
Now we want to see if there is a point which its set of pre-images is dense in the manifold, first we have this rather obvious result; Lemma 6. Let f : M → M be a transitive Anosov endomorphism; if a set is dense in M then also the set of its pre-images is dense in M .
Proof. f is an Anosov endomorphism so, as we mentioned above f n is a covering map for M for every n ∈ N therefore each sheet of every cover (f n , M ) for M , is homeomorphic to M so if a set is dense in M then its pre-image in each sheet of the cover is dense in that sheet. M is the union of the sheets of a cover (f n , M ). Thus the set containing union of the pre-images of a dense set of M is dense in M .
It implies that the points which have dense orbits have dense sets of pre-images; Proposition 7. Let M be a closed manifold and f : M → M be an Anosov endomorphism then every point with a dense orbit, has a dense set of pre-images.
Proof. Suppose that p ∈ M is a point with dense orbit. For each > 0 there
and it is -dense in M. Because and also S(i 1 , i 2 , . . . , i n ) are chosen arbitrarily, by Lemma 6, the set of the pre-images of p is dense in M .
Notice that because a linear Anosov endomorphism is transitive and there is a large set of points with dense orbit under it in T n , the Lemma and proposition above are true for such systems. Specially because the points with dense orbit are dense in T n , Lemma 7 shows that the set of the points with dense set of pre-images is at least dense in T n . We are going to investigate this more precisely on closed manifolds.
By modifying an important results about Anosov diffeomorphisms, [11] we have;
Proposition 8. The set of points with dense set of pre-images under a transitive Anosov endomorphism, is at least a dense set in M .
Proof. For every > 0 there exists a finite basis
Because f is an Anosov endomorphism, it is an open map and because f is also transitive, E j is open and dense. M is a Bair space so ∩ n j=1 E j = ∅ and there exists a point p ∈ ∩ n j=1 E j then for every
Because it is true for all > 0 and all the points in ∩ n j=1 E j , the set of the points with dense set of pre-images is dense in M .
Theorem 9.
[7] Let f : M → M be an Anosov endomorphism then there is such that for any trajectory (x i ) i∈Z of any x ∈ M the set;
is a manifold which is called local stable manifold of x, and the set; 
) and Also in [7] , Przytcky has shown this in the inverse limit space. Therefore exactly the same as the diffeomorphism case, [9] we have; Proposition 10. Let f : M → M be a hyperbolic endomorphism, if P er(f ) is hyperbolic then it has a local product structure.
The maps we are studying are Anosov and by proposition 5, the set of periodic points is dense in M so the whole manifold has a local product structure under f and modifying proposition 5. Proof. With an argument like the diffeomorphism case, the unstable manifold of a point, is dense in M also Przytcky in [7] , has proved this by lifting f to inverse limit space. So by the proposition 6 its set of pre-images is dense in M . We show that the set of pre-images of a stable manifold of every point is dense. By proposition 5, the set of periodic points under f , is dense in M so it is -dense in every sheet of each one of the covers (f n , M ), for every n ∈ N. Suppose that is chosen such that there exists δ > 0, if d(x, y) < δ (x, y ∈ M ), then for each trajectory (y i ) i∈Z , W s ,x ∩ W u ,(yi) contains exactly one point and following the statements before the proposition, if is small enough, it meets the conditions of local product structure definition. Now consider B := {p i ∈ P er(f )|i = 1, 2, . . . , N } to be an 4 -dense set in M so that local unstable manifold of each point in B transversally intersects with local stable manifold of the points in B -close to it.
Suppose that τ ∈ N the product of the periods of all the points in B and put g = f τ . Suppose that S(j 1 , j 2 , . . . , j r ) is a sheet of the cover (f r , M ) (let deg(f ) = k) and {p i (j 1 , . . . , j r )|i = 1, 2, . . . , N } is the pre-image of B in S(j 1 , . . . , j r ), under g. Let W s x (j 1 , . . . , j r ) be the pre-image of W s x for every x ∈ M , in S(j 1 . . . , j r ). We have;
Lemma 12. With the assumptions above, if d(W s y (j 1 , . . . , j r )), p i ) < 2 and d(p i , p l ) < 2 then there are m ∈ N and S(j 1 , . . . , j r , . . . , j r+l ), a sheet of the cover (g m , M ) and a subset of S(j 1 , . . . , j r ), such that;
Proof.
Therefore like in the previous step there exists a point w ∈ W s g t (z) (j 1 , . . . , j r , . . . , j t )∩W u 2 ,p l (j 1 , . . . , j r , . . . , j t ). Hence there is a b 0 ∈ N such that g −b (w) ∈ S(j 1 , . . . , j r , . . . , j t , . . . , j b ) and
Since M is compact and connected, any two periodic points p 1 and p 2 can be connected together by a path containing not more than N periodic points with less than 2 distance between any two consecutive periodic points. By the Lemma above, for any x ∈ M and > 0 g −N m (W s x ) is -dense in a sheet of the cover (f N mτ , M ) and a subset of S(j 1 , . . . , j r ). Because it is correct for every and the sheet S(j 1 , . . . , j r ) is chosen arbitrarily, the proposition follows.
We saw that the set of pre-images of a point with dense forward orbit under a linear Anosov endomorphism A : T n → T n which is not an expanding map, is dense in T n . About Anosov diffeomorphisms, this is it but for expanding maps we have this well known result; Proposition 13. Let f : M → M be an expanding map, each point in M have a dense set of pre-images in M .
Proof. Suppose that D is an -disk in M , for every > 0. Since f is an expanding map, there exists H ⊂ D and n ∈ N such that f n (H) = M . Therefore for every
For Anosov endomorphisms which are not diffeomorphisms or expanding maps, it is different from diffeomorphisms because they are non trivial covering maps also it is different from expanding maps because they also have a contracting factor. Therefor in addition to the points with dense orbit we are going to investigate about pre-images of the points that their orbits and hence their ω-limit sets have various topological properties.
Notice that each periodic point under an Anosov endomorphism is also an image of a non-periodic point. It is because of the degree of the Anosov endomorphism being greater than 1 and pre-image set of any point contains more than one point but at most one of them is periodic. So we have; Proposition 14. Let f : M → M be an Anosov endomorphism then the set of pre-images of the set of all the periodic points, ∪ n∈N f −n (P er(f )) such that
Proof. Because f is an Anosov endomorphism on a closed manifold M , we have P er(f ) = M . So by Lemma 6 the set containing all the pre-images of all the periodic points is dense in M . The eigenvalues are 2 and
and it is a transitive Anosov endomorphism defined by the product of doubling map over S 1 and A in the example 1 over T 2 . For any point in T 3 , the geodesic defined by the eigenvalue 2's eigenvector is S 1 which is not dense in M . obviously the set of pre-images of the fixed point (0, 0, 0) ∈ T 3 is dense in S 1 × (0, 0) and is not dense in M . This can also be stated by this; This condition in the study of rigidities in Anosov group actions is commonly called reducibility [10] .
So it is possible for the pre-images of a fixed point (or periodic point) under an Anosov endomorphism to be dense in a non trivial subset of M but in many cases they are dense in M ; Theorem 15. Let f : M → M be a transitive Anosov endomorphism such that for every point x ∈ M geodesics defined by eigenvectors of Df x are dense in M , then the periodic points have dense sets of pre-images under f .
Proof. Without any loss of generality, let p ∈ M be a fixed point and k to be the degree of f and {x(i) ∈ S(i)|i ∈ {1, . . . , k}} = f −1 (p). Then define for each
and;
β −1 is the maximum distance possible between a point in f −1 (p) and its nearest point in f −1 (p) that is not equal to the first one. Then for every n ∈ N define β −n for the points in f −n (p) in the same way. (f n , M )s are covers for M and since M is a closed manifold, as n gets bigger the volume of each sheet of the cover gets smaller accordingly and so the distance between the pre-images of each point gets smaller (See remark 3). Hence for every point
and similarly;
This means that for every > 0 there is n ∈ N such that β −n < . Now connect each pair of points x(i 1 , . . . , i n ) and its nearest points in {f −n (p)} with geodesics by the length α −n (x(i 1 , . . . , i n ) ), between them. By this procedure we will have a subset of M consisting of some connected components c n 1 , . . . , c n tn (t n ∈ N), in which f −n (p) is β −n -dense. These components are disconnected because for every point in them there are other points in the same connected component with less distance than the points in other components. Now connect the components by a geodesic c n (i, j) such that i, j ∈ {1, . . . , t n }, from the two points x(i 1 , . . . , i n ) ∈ c n i and x(j 1 , . . . , j n ) ∈ c n j that have the least distance. We call this set ξ −n (p). For every there is m > n and the cover (f m , M ) such that for Due to the linear Anosov endomorphisms being transitive, the proposition above gives us;
Corollary 17. Let A : T n → T n be a linear Anosov endomorphism where A is an Anosov endomorphism of degree greater than one and eigenvectors of A define dense geodesics in T n then the set of pre-images of a periodic point is dense in T n .
Proposition 18. Let f : M → M be an Anosov endomorphism, if the set of pre-images of a point p ∈ M under f , is dense in M then the points in W s (p) and W u (p) have dense sets of pre-images under f .
. So if O p has a dense set of pre-images in M then the set of pre-images of ω(x) is dense in M . Since ω(x) and following that O x are dense in M , then by lemma 6, the pre-images of O x is dense in M . Hence the set of pre-images of x is dense in the manifold. If x ∈ W u p , O p ∈ α(x) and clearly if O p is dense or its set of pre-images is dense in M then x has a dense set of pre-images.
Proposition 19. Let f : M → M be a transitive Anosov endomorphism of degree greater than one and for every point x ∈ M geodesics defined by eigenvectors of Df x are dense in M . Every point which is not periodic or its ω-limit set does not have a dense set of pre-images in M , has a dense set of pre-images.
Proof. Suppose that x ∈ M is a non-periodic point that also does not have a dense orbit. For these points we consider ω(x). If int(ω(x)) = ∅ then by proposition 4, ∪ n∈N f −n (ω(x)) is dense in M and by proposition 18 the set of pre-images of x is dense in M . If int(ω(x)) = ∅, by a procedure like in the Proof of Theorem 15 and considering the pre-images of ω(x) instead of the pre-images of a fixed point, and again by proposition 18 the set of pre-images of x is dense in M .
To sum it up, by propositions 7, 18 and 19 and theorem 15 we have; Theorem 20. Let f : M → M be a transitive Anosov endomorphism of degree greater than one and for every point x ∈ M geodesics defined by eigenvectors of Df x are dense in M , then for every point, the set of pre-images is dense in the manifold.
According to this and the proof of theorem 15, for product manifolds we also have;
Corollary 21. Let f : M → M and g : N → N be transitive Anosov endomorphisms such that the pre-images of any point in M and any point in N respectively under f and g are dense in M and N , then the pre-images of any point in M × N under (f, g) is dense in M × N .
Proof.
For every open set U ⊂ M , V ⊂ N and for every (p, q) ∈ M × N , since ∪ n∈N f −n (p) is dense in M , there is y 1 ∈ (∪ n∈N f −n (p)) ∩ U and in the same way, for (y 1 , q) ∈ {y 1 } × N there is (
For example for the product of a doubling map on S 1 and the map B in the example 2, the set of pre-images of any point in T 3 is dense in the manifold. In this way wee can define a collection of examples and non-examples by defining product spaces of expanding maps on S 1 and Anosov diffeomorphisms and endomorphisms on arbitrary manifolds.
But what can be said about non-transitive Anosov endomorphisms? If we consider an endomorphism f : M → M , according to Lemma 6 and proposition 7, first we should find subsets of M in which f is transitive. In this matter by considering just forward orbits of points in M , we have Smale and Bowen's spectral decomposition theorem that is introduced for hyperbolic endomorphisms by Sakai. There are subsets in which there are points that their orbit is dense in those sets. Denote the non-wandering set of f by Ω, we have;
Theorem 22 (Smale-Bowen Spectral Decomposition Theorem). [8] Let f : M → M be an endomorphism. f (Ω) = Ω and f : Ω → Ω is an Anosov endomorphism, there is a decomposition of Ω into disjoint closed sets P 1 ∪ P 2 · · · ∪ P s such that;
• Each P i is f −invariant and f restricted to P i is topologically transitive.
• There is a decomposition of each P i into disjoint closed sets X 1,i ∪X 2,i ∪· · ·∪ X ni,i such that f (X j , i) = f (X j+1 , i), for 1 ≤ j ≤ n + 1, f (X ni,i ) = (X 1,i ) and the map f ni : X j,i → X j,i is topologically mixing.
P i s (i = 1, 2, . . . , s), introduced above, are called basic sets of f . If the degree of f is k then there are k pre-images of each P i and for every point p ∈ P i its set of pre-images is a subset of ∪ n∈N f −n (P i ) where by the notion in remark 3, f −n (P i ) = ∪ j1,...,j k P i (j 1 , . . . , j k ). If there are more than one basic sets then by considering f | Pi s, according to Lemma 6 and proposition 7, the set of points with dense set of pre-images is dense in the set of pre-images of P i s ∪ n∈N f −n (P i ) where i = 1, 2, . . . , s. But the set of pre-images of P i cannot be dense in M because P i s are f -invariant; if x ∈ P i then O x ∈ P i then if f −1 (x) f −1 (P i ) then there is y ∈ f −1 (x) ∩ P j (j = i), so x = f (y) ∈ P j which is a contradiction and we have; Proposition 23. Let f : M → M be a hyperbolic endomorphism such that Ω(f ) = P 1 ∪ P 2 ∪ · · · ∪ P s (s > 1) there are not any points with dense set of pre-images in M .
Thus according to theorem 20, corollary 21 and the proposition above we have the proof of theorem 1, our main theorem. 
